
International Journal of Heat and Mass Transfer 48 (2005) 4474–4480

www.elsevier.com/locate/ijhmt
Heat transfer of conjugated Graetz problems with
laminar counterflow in double-pass concentric

circular heat exchangers

Chii-Dong Ho *, Wen-Yi Yang

Department of Chemical and Materials Engineering, Tamkang University, Tamsui, Taipei 251, Taiwan, ROC

Received 30 April 2004; received in revised form 1 April 2005
Available online 19 July 2005
Abstract

A device of external recycle at the ends of double-pass concentric circular heat exchangers with uniform wall tem-
perature, resulting in substantially improving the heat transfer, has been designed and studied theoretically. The theo-
retical analysis on heat transfer efficiency improvement has been developed using orthogonal expansion technique in
power series. The analytical results are also represented graphically and compared with that in an open conduit (with-
out an impermeable plate inserted and without recycle). Considerable improvement in heat transfer is obtainable by
employing the external recycle at both ends with a suitable adjustment of the impermeable-sheet position and recycle
ratio, instead of using an open conduit.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Graetz problem is a well-known process describing
laminar heat and mass transfer in a confined conduit
[1–4]. Since the early studies of Graetz problem were
all carried out with ignoring axial conduction or diffu-
sion, those assumptions are not always valid, particu-
larly for low Prandtl number fluids such as liquid
metals. Therefore, extended Graetz problems [5–12]
and conjugated Graetz problems [13–19] are referred
to deal with heat and mass transfer processes between
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two or more contiguous phases and coupled mutual con-
ditions at the boundaries.

Applications of the recycle-effect concept in designing
separation processes and chemical reactors were widely
used in absorption, reaction and separation, such as dis-
tillation [20], extraction [21], adsorption [22], mass diffu-
sion [23], thermal diffusion [24], loop reactors [25], air-life
reactor [26], draft-tube bubble column [27]. The present
developments in double-pass countercurrent-flow heat
exchangers of multistream systems are fundamentally
different due to the velocity sign change. Heat-transfer
efficiency enhancement has been investigated theoreti-
cally by using orthogonal expansion techniques [28–32]
in terms of an extended power series.

The purposes of the present work are to develop
an alternative arrangement with inserting the imperm-
eable barrier in parallel to conduct countercurrent
ed.
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Nomenclature

Cp heat capacity, J/kg K
D hydraulic radius, m
Fm eigenfunction associated with eigenvalue km
Gz Graetz number, 4V/apL
Gm function defined during the use of orthogo-

nal expansion method
�h average heat transfer coefficient, kW/m2 K
hf friction loss in conduit, m2/s2

Ih heat transfer improvement, defined by Eq.
(12)

Ip power consumption increment, defined by
Eq. (14)

k thermal conductivity of the fluid, kW/m K
L conduit length, m
M reflux ratio, reverse volume flow rate divided

by input volume flow rate
Nu Nusselt number
P hydraulic dissipated energy, hp
2R inside diameter of the outer tube, m
Re Reynolds number
Sm expansion coefficient associated with eigen-

value km
T temperature of fluid, K
V input volume flow rate of conduit, m3/s
v velocity distribution of fluid, m/s

r radial coordinate, m
z axial coordinate, m

Greek symbols

a thermal diffusivity of fluid, m2/s
n longitudinal coordinate, z/L
g transversal coordinate, r/R
h dimensionless temperature, (T � Ti)/

(Tw � Ti)
j channel thickness ratio
km eigenvalue
l fluid viscosity, kg/ms
q fluid density, kg/m3

w dimensionless temperature, (T � Tw)/
(Ti � Tw)

Subscripts

a inner channel
b annulus channel
F at the outlet of a double-pass device
i at the inlet
L at the end of conduit, n = 1
0 in a single-pass device without recycle
w at the wall surface
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double-pass concentric heat exchanger device with exter-
nal recycle at both ends and to formulate the mathemat-
ical statement for obtaining an analytical solution to the
present conjugated Graetz problem. The present study
also discusses the improvement in heat transfer efficiency
of such countercurrent double-pass devices and the
influence of the impermeable-sheet position on device
performance.
2. Temperature profiles

Consider the heat transfer in two channels with thick-
ness 2j R and 2(1 � j)R, respectively, which is to divide
a circular tube with length L, inside diameter 2R by
inserting an impermeable sheet with negligible thickness
d (� 2R) and thermal resistance, as shown in Fig. 1. Be-
fore entering the inner tube, the fluid with volumetric
flow rate V and the inlet temperature Ti will mix with
the fluid of volumetric flow rate MV exiting from the
annulus. Counter-current flow is achieved with the aid
of conventional pump situated at the end of the annulus
and the flow rate then may be regulated and the fluid is
completely mixed at the inlet and outlet of the tube.

By following the same mathematical treatment per-
formed in the previous works [33], except the type of re-
cycle, the outlet temperature for double-pass devices (hF)
as well as for single-pass devices (h0,F) were also obtained
in terms of the Graetz number (Gz), eigenvalues (km
and k0,m), expansion coefficients (Sa,m, Sb,m and S0,m),
impermeable-sheet location (j) and eigenfunctions
(Fa,m(ga), Fb,m(gb) and F0,m(g0)). The eigenvalues (k1,
k2 , . . . , km, . . .) calculated from the following equations:

F 0
a;mðjÞ

F a;mðjÞ
¼

F 0
b;mðjÞ

F b;mðjÞ
ð1Þ

with the orthogonality condition is introduced as
follows:Z j

0

va � R2

L � a

� �
Sa;mSa;ngF a;mF a;n dg

þ
Z 1

j

vb � R2

L � a

� �
Sb;mSb;ngF b;mF b;n dg ¼ 0 ð2Þ

The dimensionless outlet temperature at n = 1 is
readily obtained from the following overall energy bal-
ance in the outer tube

hF ¼ 1� wF ¼
Z 1

0

a2pL
V

�
owb;mð1; nÞ

og

� �
dn

¼ 8

Gz

X1
m¼0

Sb;mF 0
b;mð1Þ
km

ðe�km � 1Þ ð3Þ



Fig. 1. Schematic diagrams of concentric circular heat exchang-
ers with external recycle at both ends.
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in Eq. (3) the left-hand side refers to the net outlet en-
ergy while the right-hand side is the total amount of heat
transfer from the hot plates into the fluid. The dimen-
sionless outlet temperature for the double-pass devices
may also be calculated as follows:

wF ¼
R j
0
va2pR2gwaðg; 1Þdg

V ðM þ 1Þ

¼ 2paL
V ðM þ 1Þ

X1
m¼0

Sa;m

km

Z j

0

ðF 00
a;mgþ F 0

a;mÞdg
� �

¼ 8

GzðM þ 1Þ
X1
m¼0

Sa;m

km
� j � F 0

a;mðjÞ ð4Þ

or

wF ¼ �
R 1

j vb2pR
2gwbðg; 1Þdg
MV

¼ � 2paL
MV

X1
m¼0

Sb;m

km

Z 1

j
ðF 0

b;mgþ F 0
b;mÞdg

� �

¼ � 8

GzM

X1
m¼0

Sb;m

km
� F 0

b;mð1Þ � j � F 0
b;mðjÞ

h i
ð5Þ
Also, the dimensionless outlet temperature for the
single-pass devices is calculated by

w0;F ¼ 2paL
V

X1
m¼0

S0;m

k0;m

Z 1

0

ðF 00
0;mgþ F 0

0;mÞdg
� �

¼ 8

Gz

X1
m¼0

S0;m

k0;m
F 0

0;mð1Þ ð6Þ

and may be examined using Eq. (7), which is readily ob-
tained from the following overall energy balance in the
outer tube

h0;F ¼ 1� w0;F ¼
Z 1

0

a2pL
V

�
ow0;mð1; nÞ

og

� �
dn

¼ 8

Gz

X1
m¼0

S0;mF 0
0;mð1Þ

k0;m
ðe�k0;m � 1Þ ð7Þ

In obtaining above results, the velocity profiles in
present double-pass devices, as shown in Eqs. (3)–(5),
were modified from those in the previous works since
the type of recycle are different while the mathematical
analysis is the same.

vaðgÞ ¼
2ðM þ 1ÞV
pðjRÞ2

1� g
j

� �2
� �

05 g5 j ð8Þ

vbðgÞ ¼ � 2MV

pR2 � pðjRÞ2
1� ðgÞ2 þ 1�j2

ln 1=j

� �
ln g

h i
1�j4

1�j2 � 1�j2

ln1j

h i
j5 g5 1 ð9Þ
3. Improvement of transfer efficiency

By following the same mathematical treatment per-
formed in the previous work [33], except the type of re-
cycle, the Nusselt number for a double-pass device with
recycle may be obtained as follows:

Nu ¼ hD
k

¼ V
paL

ð1� wF Þ ¼
1

4
Gzð1� wF Þ ¼

1

4
GzhF

ð10Þ

Similarly, for a single-flow operation without recycle

Nu0 ¼
h0D
k

¼ V
paL

ð1� w0;F Þ ¼
1

4
Gzð1� w0;F Þ ¼

1

4
Gzh0;F

ð11Þ

The performance improvement employing a double-
pass operation with recycle is best illustrated by calculat-
ing the percentage increase in heat-transfer rate, based
on the heat transfer of a single-pass operation with the
same working dimension and operating conditions, but
without impermeable sheet and recycling, as

Ih ¼
Nu� Nu0

Nu0
¼

w0;F � wF

1� w0;F

¼ hF � h0;F
h0;F

ð12Þ
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4. Results and discussions

The calculation methods and procedure are exactly
the same as those in the previous work [33] and the re-
sults thus obtained will be discussed. The changes of
mixed inlet temperature ha(g, 0) and outlet temperature
hF with the recycle ratio M and Graetz number Gz as
well as the barrier position j, are in the same tendency
as those in the previous work [33]. Both ha(g, 0) and hF
increase with M but decrease as Gz increases, and the
ha(g, 0) increases with M but decreases as j moves away
from 0.5, especially for j > 0.5.

Fig. 2 shows the influence of the recycle ratio M, the
channel thickness ratio j, and the Graetz number Gz on
the average Nusselt number Nu and Nu0. The average
Nusselt number Nu increases with the recycle ratio, as
concluded from Fig. 2. Fig. 2 shows that Nu decreases
as the j deviates from 0.5, especially for j > 0.5. The
reason why j < 0.5 is better than j > 0.5, for obtaining
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higher transfer coefficient, is that the heat transfer in
the annulus is more effective than that in the inner chan-
nel due to the larger temperature gradient.

The Nusselt numbers, Nu and Nu0, as well as the heat
transfer coefficients, h and h0, can be calculated from
Eqs. (10) and (11), respectively, for a double-pass device
with recycle and single-pass device without recycle.
Fig. 2 gives the graphical representations of Nu and
Nu0 vs. Gz. It is seen from this figure that both Nu and
Nu0 increase with Gz because h and h0 will be enhanced
as the fluid velocity V increases or the length of flow
channel L decreases. Moreover, Nu is much larger than
Nu0, except for very small Gz, say Gz < 10.

The comparison of Nu obtained in the present and
the previous studies of double-pass devices with recycle,
is indicated in Fig. 3. The values of �h in the present de-
vice are higher, as reasonably inferred from Fig. 3, since
the annulus of present device is employed for heating
the recycle fluid only while that of the previous one is
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provided for heating the whole fluid. Further, Nu ob-
tained in both devices increase with M, however, the in-
crease in the present device is rather sensitive. This is
because the small amount of flowing fluid, say MV, in
the present device is heated and the extent of further
improvement in transfer efficiency by recycle is rather
limited due to the undesirable effect of heat-transfer
driving force decrement (temperature difference) while in
the previous device [33], the desirable effect of the forced
convection increment cannot compensate for the heating
larger amount of flowing fluid through the annulus.

Finally, the improvement of device performance Ih
was calculated from Eq. (12) theoretically and the results
were given in Table 1. It is found from Table 1 that the
heat-transfer efficiency improvement of a double-pass
device with recycle, based on that of a single-pass device
without recycle of the same working dimensions and
fluid velocity, increases with the Graetz number and re-
cycle ratio, but decreases with channel thickness ratio j
going away form 0.5, especially for j > 0.5. It should be
mentioned that the improvement turns to be negative
when the Graetz number is relatively small, as also
shown by the negative signs in Table 1. In this case, a
single-pass heat exchanger without recycle is preferred
rather than using the double-pass device even with
recycle.

If the laminar flow in concentric tube is assumed, the
power consumption increment, Ip, due to the friction
losses (hf,a and hf,b for the double-pass devices while
hf,0 for the single-pass device) in the conduits can be
readily defined as

Ip ¼
P � P 0

P 0

¼ V qbðM þ 1Þhf ;a þMhf ;bc � V qhf ;0
V qhf ;0

ð13Þ

¼ ðM þ 1Þ2

j4
þ M2

ð1� j2Þð1� jÞ2
� 1 ð14Þ

The power consumption of a single-pass device
will be illustrated using working dimensions as
follows: L = 1.2 m, R = 0.2 m, V = 1 · 10�4 m3/s, l =



Table 1
The heat-transfer efficiency improvement with recycle ratio and channel thickness ratio as parameters

Ih (%) M = 0.5 M = 1 M = 3 M = 5

j j j j

0.3 0.5 0.7 0.3 0.5 0.7 0.3 0.5 0.7 0.3 0.5 0.7

Gz = 1 �65.9 �66.7 �66.7 �49.3 �50.0 �50.3 �23.7 �25.0 �30.8 �17.5 �16.7 �26.3
10 �56.7 �56.6 �59.3 �36.9 �34.9 �66.1 �9.92 �2.41 �63.7 �6.09 8.31 �63.1
100 �6.17 142 �28.9 34.9 245 �69.9 96.5 356 �70.9 95.3 384 �71.1
1000 14.6 879 �19.1 68.3 1019 �70.2 155.3 1176 �71.6 148.9 1222 �71.8

Table 2
The power consumption increment with recycle ratio and
channel thickness ratio as parameters

M Ip

j = 0.3 j = 0.5 j = 0.7

0.5 277 36 13
1.0 495 68 37
3.0 1994 303 261
5.0 4499 708 693
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8.94 · 10�4 kg/m s, q = 997.08 kg/m3. From these val-
ues, the friction loss in an open conduit was calculated
as follows:

P 0 ¼ V qhf ;0 ¼ 1.71� 10�8 W ¼ 2.29� 10�11 hp ð15Þ

Though the power consumption increment does not
depend on the Graetz number, but it increases as j
moves away from 0.5. It is readily obtained from Eq.
(14) that Ip increases with recycle ratio as well as with
j moving away from 0.5, and the results for Ip are rep-
resented in Table 2. The theoretical prediction of power
consumption estimated by Eq. (14) under these design
and operating parameters, P = 1.03 · 10�7 hp, is still
small even for j = 0.3 and M = 5.0. Therefore, the
power consumption of double-pass operations with
external recycle may be neglected.
5. Conclusion

The influences of recycle effect on the heat transfer
efficiency in the double-pass circular tubes with inserting
an impermeable tube of negligible thermal resistance
were investigated with the recycle ratio and channel
thickness ratio as parameters. The method for increasing
the outlet temperature and hence Nusselt number in a
heat exchanger is either to increase the residence time
or to strengthen the premixing effect. Actually, the intro-
duction of recycle to the heat transfer devices comes out
with two conflicting effects: the desirable effect of forced
convection coefficient increment and undesirable effect
of heat-transfer driving force decrement (temperature
gradient). However, the external recycle still have posi-
tive influences on the outlet temperature for large Gz.
This is because larger amount of recycle fluid (larger
M) for the flowing fluid through annulus will enlarge
temperature-gradient increment, then the extent of fur-
ther improvement in transfer efficiency by recycle effect
is achieved.

It is obvious that the mathematical treatments devel-
oped in this study to concentric circular heat exchangers
can also be applied to the conjugated Graetz problems
in heat- or mass-transfer devices with constant heat flux
or mass flux on the boundary if the boundary conditions
of the interaction between streams or phases are suitably
changed.
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